We investigate the leading systematic effects in ro-vibrational spectroscopy of the molecular hydrogen ions H + 2 and HD + , in order to assess their potential for the realization of optical clocks that would be sensitive to possible variations of the proton-to-electron mass ratio. Both two-photon (2E1) and quadrupole (E2) transitions are considered. In view of the weakness of these transitions, most attention is devoted to the light shift induced by the probe laser, which we express as a function of the transition amplitude, differential dynamic polarizability and clock interrogation times. Transition amplitudes and dynamic polarizabilites including the effect of hyperfine structure are then calculated in a full three-body approach to get a precise evaluation of the light shift. Together with the quadrupole and Zeeman shifts that are obtained from previous works, these results provide a realistic estimate of the achievable accuracy. We show that the lightshift is the main limiting factor in the case of two-photon transitions, both in H + 2 and HD + , leading to expected accuracy levels close to 5 × 10 −16 in the best cases. Quadrupole transitions have even more promising properties and may allow reaching or going beyond 1 × 10 −16 .
I. INTRODUCTION
Space-time variations of the proton-to-electron mass ratio µ is one area where high-precision molecular spectroscopy plays an important role in testing the fundamental laws of physics. While astrophysical studies on the spectra of molecular hydrogen, ammonia and methanol have set stringent limits on the variations of µ over cosmological time scales, laboratory tests provide complementary information on its variations in the current epoch (see [1, 2] for recent reviews). So far, the most severe model-independent limit from a laboratory measurement, obtained by comparing rovibrational transitions in SF 6 with a Cs clock, is at a level of several 10 −14 /year [3] . A large number of theoretical proposals relying on molecular lines with greatly enhanced sensitivities to µ variations, due to a cancellation between energy contributions from different origins (electronic, vibrational, rotational, fine or hyperfine structure...), have been formulated in recent years (see e.g. [4] [5] [6] ).
Ro-vibrational transitions in the hydrogen molecular ions H + 2 and HD + were among the very first candidates to be studied in the perspective of high-precision laboratory tests [7] . Despite the fact that they do not benefit from any sensitivity enhancement effect, several factors still make hydrogen molecular ions attractive. First are the small natural widths of ro-vibrational lines, which lye in the 10 Hz [8, 9] and 10 −7 Hz [10] range for HD + and H + 2 respectively, and the possibility to probe single trapped molecular ions with ultra-high resolution using quantum-logic spectroscopy (QLS) [11, 12] . The demonstration of efficient schemes to prepare the molecules in a selected ro-vibrational state, such as resonance-enhanced multi-photon ionization [13, 14] or rotational cooling [15, 16] , is another important asset; in general, state preparation is a major experimental challenge to be considered since transitions of enhanced sensitivity are often rather exotic, i.e. involving highly excited states in complex molecules. Finally, the simplicity of hydrogen molecular ions allows for precise theoretical calculations of the main systematic shifts that affect the accuracy of the measurement, and thus reliable performance estimates of the envisaged quantum-logic clock. The purpose of the present work is to obtain such estimates for a few ro-vibrational transitions of interest in H + 2 and HD + . This study builds upon a previous investigation of systematic effects for a large number of transitions in HD + , by D. Bakalov and S. Schiller [17] , which included the combined contributions of Zeeman, quadrupole, Stark, and black-body radiation shifts, and concluded that frequency measurements with a relative accuracy of about 5 × 10 −16 should be achievable on a few selected one-photon ro-vibrational transitions. Two-photon transitions, which enable suppression of the first-order Doppler effect even without strong spatial confinement of the ions, were also considered (see also [18] ). However, one of the potentially most important systematic effects that is the light shift induced by the probe laser, was not calculated. The first Section is devoted to a precise estimate of this effect, and consideration is extended to the H + 2 ion. One attractive feature of H + 2 in this context is the extremely small natural width of the transitions, to which one might add the simpler spin structure. In the second Section, we study one-photon quadrupole transitions in H + 2 , which benefit from smaller light shifts. It is shown that these transitions could allow for even more accurate frequency measurements, and are thus highly promising candidates for a molecular ion clock.
II. TWO-PHOTON TRANSITIONS

A. Expression of the light shift
In order to give a correct estimate the light shift, one should first discuss the typical intensity of the probe laser to be used for optimal operation of a molecular ion clock. Here, the envisaged experimental realization is QLS of a Be + /HD + (or Be + /H + 2 ) ion pair. The use of two-photon transitions implies reaching a regime of two-photon Rabi oscillations; the generalized two-photon Rabi frequency for a transition between states i and f is given by
where I, ǫ are the intensity and polarization of the probe laser, and S Q if ǫ1ǫ2 (E) = i| S Q ǫ1ǫ2 (E)|f the two-photon transition matrix element. E = (E i + E f )/2 is the intermediate energy, and the two-photon operator S Q ǫ1ǫ2 (E) is defined by
QLS clocks are operated with a single interrogation π-pulse [19] whose duration τ is adjusted according to the desired resolution. τ is typically of the order of 100 ms [20, 21] , and we will assume the same value in the case of H + 2 . However, in HD + the shorter lifetime τ f of excited ro-vibrational state (τ f ∼ 15 − 55 ms for v = 1 − 4) constrains τ to lower values; in the following we will assume τ = τ f /10. The probe laser intensity is determined from the relationship Ωτ = π yielding
The corresponding shift of the transition energy (E f − E i )/2 is
where ∆α
being the two-photon probe laser frequency and α n ǫ (ω) the dynamical polarizability of a state n:
Using the atomic units for polarizabilites and two-photon transition matrix elements (i.e. α n ǫ in units of 4πa 2 /E h =h 2 e 2 /m e ) one obtains the following simple expression for the frequency shift:
In order to get a reliable estimate of the light shift, we have calculated the dimensionless transition amplitudes Tables I and II . The methods for calculating two-photon line strengths with account of the hyperfine structure have been described in detail in [22] in the context of H + 2 (see also [23, 24] for similar calculations in HD + ); they can also be applied for evaluating dynamical polarizabilities of hyperfine sublevels since both quantities are expressed in terms of matrix elements of the same operator S Q ǫ1ǫ2 (E). A summary of these methods can be found in the Appendix. (Table I) , two-photon transitions from ro-vibrational states (v = 0, L) were considered, since v = 0 states, having by far the longest lifetimes, are the only ones in which the ions can be conveniently prepared. We mainly investigated the transitions towards states with a vibration quantum number v ′ = 2 or 1 which are the strongest, as shown in [25] 
state lies close to the one-photon resonance, leading to a strong enhancement of the line strength. Transitions towards higher vibrational states are much weaker and more difficult to observe experimentally; in view of Eq. (6) they will also be affected by large lightshifts unless the dynamical polarizabilities of the ground and excited states cancel each other almost exactly. We also investigated v = 0 → v = 4 transitions but found no such cancellations.
The angular momentum coupling scheme used to denote the hyperfine sublevels (v, L, F, S, J, J z ) of HD + is the following [26] : F = S d + S e , S = F + S p , J = L + S where S i , i = e, p, d denote the spin operator of the electron, proton and deuteron; only J is an exact quantum number whereas (F, S) are approximate quantum numbers. As discussed in [17, 27] , two types of transitions are particularly interesting for clock applications: 
). Since these transitions have strictly linear opposite Zeeman shifts, the effect of the magnetic field can be nulled by measuring both transition frequencies and computing the average value.
A few J z = 0 → J ′ z = 0 transitions benefit from a relatively low Zeeman shift (below 100 Hz in a magnetic field of 1 G): Table 2 of [27] ). However, none of them were found to have interesting properties in terms of systematic effects, and they will not be considered further. In the following we only discuss transitions between stretched states.
The first seven lines of Table I give the lightshifts of all v = 0 → v = 2 stretched-state transitions with an initial rotational state L ≤ 2. v = 0 → v = 2 transitions are obvious candidates since they are the most intense, and the first three of them were considered in [17] (Table IX) . Their lightshifts range from a few to a few hundred Hertz, the most promising among them being the (v = 0, and is the main limitation to the accuracy. Assuming that it could be calibrated to the percent level, a residual systematic uncertainty of 7 × 10 −16 could be achieved; lightshift calibration beyond that level would be a difficult experimental challenge.
transition, which seemed promising due to its large intensity as pointed out in [25] , turns out to have a large lightshift, partly due to the weakness of the Zeeman sub-lines which connect the stretched states. We extended our search to L ≤ 5 initial states and found one more interesting transition (line before last in Table I) 
, which has both a moderate light shift (∆f LS /f 0 = 1.9 × 10 −13 ) and low quadrupole shift (∆f Q /f 0 = 3.5 × 10 −15 ). The v = 0 → v = 1 transitions, although less intense, may also be of interest in case of a fortuitous cancellation of the lightshift. A scan of all transitions from (v = 0, L ≤ 5) states revealed one such instance (last line of Table I) 
, with a lightshift of 0.34 Hz (∆f LS /f 0 = 1.3 × 10 −14 ). For this transition, the accuracy would be limited by the quadrupole shift (∆f Q /f 0 = 2 × 10 −13 ), which according to the discussion in Ref. [17] could be reduced to a residual uncertainty of about 1 × 10 −15 by applying a nulling procedure.
In H + 2 (Table II) , two-photon transition amplitudes and polarizabilities follow a very different behaviour from the HD + case. Neighbouring rovibrational states not being dipole-allowed, there are no resonant enhancement effects. Only excited electronic states contribute to the two-photon amplitudes, leading to a smooth variation as a function of vibration and rotation quantum numbers. It has been shown that only ∆v = 1 two-photon transitions are sufficiently intense to be conveniently detected [29] . In contradistinction with HD + the initial vibrational state could take any value (excited rovibrational states are metastable); however the selectivity in H + 2 production by resonance-enhanced multiphoton ionization gets worse when the targeted vibrational quantum number increases [14] . [30] . The adopted angular momentum coupling scheme is F = S e + I, J = L + F where I is the total nuclear spin, whose value is 0 (resp. 1) for even (resp. odd) values of L. No J z = 0 → J ′ z = 0 transitions exist since the total angular momentum is half integer. There are however 
is the spin-independent transition frequency (including leading-order relativistic and QED corrections)
taken from [28] . τ f is the excited state lifetime from [9] . Q (17) with Eq. (27)), and ∆α = α f − αi. A linearly (resp. circularly) polarized laser field was assumed for L → L (resp. L → L ± 2) transitions for which |∆Jz| = 0 (resp. 2). Finally, ∆fLS is the estimated light shift, obtained from Eq. (6) . Estimates of the two other most important systematic effects are also given: the Zeeman shift ∆fZ in a magnetic field of 1 G from [27] , and the quadrupole shift ∆fQ in an electric field gradient of 0.67 × 10 8 V/m 2 (see [17] and corrigendum to be published).
stretched states which have the same properties as in
The light shifts lie in the few-Hz range, which is comparable to the best transitions in HD + . In the absence of resonant enhancement effects, the ∆α/|Q if | ratio is less favorable, but this is compensated by the possibility of using longer probe times and thus lower intensities. L → L − 2 transitions (especially L = 2 → L ′ = 0) have the lowest lightshifts, followed by L → L transitions, while L → L + 2 transitions are less favourable. The quadrupole shift has the same order of magnitude, and is lowest for L → L transitions. When v is increased from 0 to 1, the lightshift slightly decreases but the quadrupole shift slightly increases. The best trade-off depends on the degree of accuracy to which the different systematic effects can be calibrated and corrected for. We will make the same assumptions as in Ref. [17] where this issue has been discussed in detail.
The Zeeman shift is nulled by computing the average of the stretched-state transitions J z → J ′ z and −J z → −J ′ z . In [17] it was assumed that each transition frequency can be measured with a resolution equal to 1% of the natural linewidth. In H + 2 the natural width is extremely small, so that the transition width would probably be limited by the probe laser. For illustration let us assume a value of 1 Hz. Then the uncertainty on the mean frequency of the doublet would be 0.01 × √ 2 = 0.014 Hz. By repeating these measurements for a set of magnetic field values the error could be reduced by a further factor of 5, i.e. slightly below 10 −16 relative to the transition frequency. The quadrupole shift is nulled by measuring the transition frequencies for three orthogonal directions of the magnetic field. Again, the uncertainty of each measurement can be assumed to be 1% of the linewidth, yielding an overall uncertainty of 0.01/ √ 3 = 0.0058 Hz. In addition, the inaccuracy in establishing three perfectly orthogonal magnetic field directions leads to a residual uncertainty of 0.5% of the value calculated in Table II for an electric field gradient of 0.67 × 10 8 V/m 2 (assuming this can be performed with the same accuracy as in the Hg + ion clock [31] ). Supposing, finally, that the residual uncertainty on the lightshift is equal to 1% of the shift, and adding quadratically the different errors, the best trade-off would be obtained for L → L transitions, with overall accuracies between 5 and 7 × 10
depending on the values of v and L.
III. QUADRUPOLE TRANSITIONS IN H + 2
In the H + 2 ion, quadrupole transitions are a promising alternative as potential clock transitions. Their oscillator strengths have recently been calculated [10] ; they are more intense than two-photon transitions, so that the lighshift could be significantly reduced. In addition, the possibility to excite transitions towards higher vibrational states is attractive because increasing the transition frequency generally leads to improving clock performances. However, transitions become weaker when ∆v is increased, and again it is useful to estimate the lightshift in order to determine the ∆v range where it does not represent a limitation to the accuracy.
We will thus derive an expression of the light shift along the same lines as in Sec. II A. In the case of quadrupole transitions, the Rabi frequency writes [34] 
with
E 0 , ǫ are respectively the electric field amplitude and polarization of the incident wave, and n the unit vector along the propagation direction (k = kn). Θ is the quadrupole tensor operator in the center-of-mass frame in atomic units (i.e. units of ea 2 0 ). We use the definition of [17] :
where R k is the position of the particle k with respect to the center of mass, and Z k its electric charge. The condition Ωτ = π (where τ is the probe pulse duration) yields 
The spin-independent transition frequencies are taken from [32] , and the Zeeman shift ∆fZ is obtained from [33] . The relationship between hyperfine matrix elements of the two-photon operator and its reduced matrix elements
from which the corresponding lightshift is easily deduced:
The choices of propagation direction and polarization of the probe laser, which influence both the quadrupole transition amplitude and lightshift, are given in the Appendix. We calculated the dimensionless transition amplitudes |Θ if ǫ,n | and associated differential polarizabilities ∆α
transitions were omitted because they have larger quadrupole shifts as can be seen in Table II. This study shows that the lightshift is negligible for v = 0 → v ′ = 1 transitions; for v = 0 → v ′ = 2 transitions, they are still significantly lower (by at least an order of magnitude) than in two-photon transitions. However, for v = 0 → v ′ = 3 transitions they are already much higher. Under the same assumptions as above regarding calibration of the main systematic effect, we estimate that a relative accuracy of about 1 − 1.5 × 10 −16 could be reached using the
which benefits from almost perfect cancellation of the quadrupole shift (about 5 × 10 −17 relative to the transition frequency). Here, nonadiabatic calculations of the quadrupole moments were performed to get sufficient accuracy on the differential shift since the results of [17] are limited by the Born-Oppenheimer approximation. On that transition, it could be possible to reach a relative accuracy of about 6 × 10 −17 . The blackbody radiation is not a limiting factor at this level: at 300K it represents about 10 −16 relative to the frequency, and the uncertainty could be reduced further by at least one order of magnitude by a careful determination of the environment temperature. The second-order Doppler effect is more likely to play a role, since it amounts to a few 10 −17 in the Al + /Be + clock [20] and could become larger in the H + 2 /Be + case where the mass ratio is less favorable.
IV. CONCLUSION
Our analysis of light shifts in high-resolution spectroscopy of hydrogen molecular ions has allowed assessing the performances of different types of transitions for a molecular ion clock that would set new limits on the variations of µ. The lightshift was shown to be the main limiting factor in the case of two-photon transitions, both in H + 2 and HD + , it seems however possible to reach accuracy levels close to 5 × 10 −16 in a few cases. Quadrupole transitions are even more promising in view of the smaller required intensity; one particular transition that could allow going below the 10 −16 level was pointed out. Hydrogen molecular ions thus have potential to improve the currently best laboratory limits on µ-variation by several orders of magnitude. Finally, the lightshift can, in principle, be reduced by using a longer interrogation time, which would make the use of v = 0 → v = 3 quadrupole transitions a realistic possibility. One advantage of such transitions is that they lye in a convenient wavelength range (λ ∼ 1.6 − 1.7 µm) for laser technology and absolute frequency measurements. Of course, there are several experimental challenges on the way towards realization of molecular ion clocks, one of which being the preparation of the ions in the required hyperfine and Zeeman sublevel. 
v,L,v ′ ,L ′ is the reduced matrix element of the quadrupole operator between initial and final rovibrational states (see Sec. IV). |Θ if ǫ,n | is the amplitude of the hyperfine component that connects the stretched states i, f , taking into account the geometrical factors associated with the propagation direction and polarization of the probe laser (Eqs. (8) and (32)). The quadrupole shift ∆fQ is calculated from the quadrupole moments published in [17] (with a corrigendum to be published), excepted for the (v = 0, L = 4) → (v ′ = 2, L ′ = 2) transition where a nonadiabatic calculation was performed to obtain a more precise estimate.
as follows:
where r 1 , r 2 , r 12 are the interparticle distances, and the complex exponents α, β, γ are generated in a pseudorandom way. Since very high accuracy is not required for transition probabilities, relatively small basis lengths of N = 1000 − 2000 were used, yielding a relative accuracy of at least a few parts in 10 9 for the nonrelativistic energies, and a few parts in 10 5 for the matrix elements.
Two-photon matrix elements
The two-photon operator S Q defined in Eq. (2), being a symmetrical tensor obtained by coupling of two vector operators, has a representation in terms of irreducible tensors that involves a scalar tensor Q (0)a and a tensor Q (2)a of rank 2. Its components S Q q1,q2 (where q i = −1, 0, 1 correspond to the standard polarizations σ − , π, σ + ) can be expressed in terms of the components of these irreducible tensors:
The values of the coefficients a (k) q for all combinations of the standard polarizations can be found in Table IV of [22] . Here, we have adopted a slightly different definition for the irreducible tensors:
so that the linear-linear polarization component is simply written as:
0 .
Other components used in transition amplitude and lightshift calculations are:
The first step is to calculate the reduced matrix elements vL Q (k) v ′ L ′ with k = 0, 2. More precisely, the quantities given in the Tables are
The calculation of two-photon reduced matrix elements has been described in [22] ; for easier reference we recall the main formulas here. The following three terms, which correspond to the possible values L−1, L+1, L for the angular momentum of the intermediate state, are evaluated numerically:
where E v ′′ ,L ′′ is the energy of the intermediate state |v ′′ L ′′ and ω is the photon energy. The reduced matrix elements of Q (k) are related to a − , a + , a 0 in the following way:
Standard angular algebra procedures are then used to obtain the matrix elements between the initial and final hyperfine states. The expressions are made simpler by the fact that we only consider the "stretched states" which are "pure" states of angular momentum coupling. In the case of H 
where F = 1/2 (resp. 3/2) for even (resp. odd) values of L. The expression for HD + is similar:
v,L,F = 1,S = 2,J = L+2,J z = ±(L+2)|Q
The incident light is assumed to be linearly polarized for ∆L = 0 transitions where ∆J z = 0 and circularly polarized for ∆L = ±2 transitions where ∆J z = ±2.
where the expressions of the second rank tensors c (q) ij can be found in [34] . The choice of polarization and propagation direction of the probe laser is made so as to maximize the transition amplitude:
• for L → L, ∆J z = 0 transitions, we choose a propagation direction n making an angle of π/4 with the z axis, and polarization in the plane defined by n and the z axis. The geometrical factor |g 0 | = | ij c (0) ij ǫ i n j | is then equal to 1/2.
• for L → L±2, ∆J z = ±2 transitions, we choose a propagation direction orthogonal to the z axis, and polarization orthogonal to the plane defined by n and the z axis. The geometrical factor |g ±2 | = | ij c (±2) ij ǫ i n j | is equal to 1/ √ 6.
